In this paper, we introduce The 2-variable unified family of generalized Apostol-Euler, Bernoulli and Genocchi polynomials and derive some implicit summation formulae and general symmetry identities. The result extend some known summations and identities of generalized Bernoulli, Euler and Genocchi numbers and polynomials.
Introduction
The 2-variable general polynomials (2VGP) p n (x, y) are defined by means of the following generating function [8] :
e xt ϕ(y, t) = n (x, y) defined by the generating function [7] The 2-variable Laguerre polynomials L n (y, x) are defined by the following generating function [4] 
The 2-variable truncated exponential polynomials of order r e (r)
n (x, y) are defined by the generating function [6] e xt (1 − yt r ) =
n (x, y)
In particular, we note that e (2) n (x, y) = n! [2] e n (x, y), [2] e n (x, 1) = [2] e n (x), where [2] e n (x, y) denotes the 2-variable truncated exponential polynomials [5] . The 2-variable truncated exponential polynomials [2] e (r) n (x, y) are defined by the generating function [5] 
The generalized Apostol-Bernoulli polynomials B (α)
n (x; λ) of order α ∈ C, the generalized Apostol-Euler polynomials E (α) n (x; λ) of order α ∈ C and the generalized Apostol-Genocchi polynomials G (α) n (x; λ) of order α ∈ C are defined, see ([12] , [13] , [10] and [14] ) respectively, through the generating function by:
Khan at el. [9] introduced the 2-variable Apostol type polynomials of order α, by means of the following generating function:
In this article, we introduce the 2-variable unified family of generalized Apostol-Euler, Bernoulli and Genocchi polynomials and investigate their properties. Some important summation formulas are given. Moreover, general symmetric identity are derived . n (x, k, a, b;ᾱ r ) will be defined as the discrete Apostol type convolution of the 2-variable general polynomials p n (x, y). n (x, y; a, b, c;ᾱ r ) for nonnegative integer n is defined by means by the generating function
Setting c = e and ϕ(y, t) = 1 in (2.1), we get the following definition.
n (x; a, b;ᾱ r ) of generalized Apostol-Euler,Bernoulli and Genocchi polynomials is given by means of the generating function
where r ∈ C;ᾱ r = (α 0 , α 1 , · · · , α r−1 ) is a sequence of complex numbers. 
Setting c = e in (2.1), we get the following definition. n (x, , y; k, a, b;ᾱ r ) is defined by the following generating function
Special cases
The generating function in ((2.4))gives types of polynomials as special cases, for example 1. setting α i = −λ, b = e and a = 1 in (2.4), we have
n (x, y; k, 1; −λ)
n (x, y; λ, µ, ν)
Thus, equating the coefficients of t n on both sides, we get
n (x, y; λ, µ, ν) where µ = 1 − k, ν = k. ( The 2-variable Apostol type polynomials of order α,).
2. setting α i = λ, b = e, a = 1 and k = 1 in (2.4), we have
n (x, y; 1, 1, e; λ)
n (x, y; 1, 1, e; λ) = (−1)
n (x, y; λ). ( The 2-variable Apostol Bernoulli polynomials of order r).
setting
n (x, y; 0, 1, e; λ)
n (x, y; λ). ( The 2-variable Apostol -Euler polynomials of order r).
n (x, y; λ). ( The 2-variable Apostol -Genocchi polynomials of order r). n (x, y; k, a, b;ᾱ r ) is defined by the series:
Proof. Using Eq.(2.1), we have
By using Cauchy-product rule, we find
n (x, y; k, a, b;ᾱ r )
Equating the coefficients of the same powers of t , yields (2.5).
3 Implicit Summation Formulae for The 2-Variable Unified Family of Generalized Apostol-Euler, Bernoulli and Genocchi polynomials n (x, y; k, a, b;ᾱ r ) holds true:
Proof. Replacement of x by x + z in generating function (2.4) gives
n (x + z, y; k, a, b;ᾱ r )
which on replacing n by n − m in the r.h.s. and then equating the coefficients of the same powers of t in both sides of the last equation yields (3.1). n (x; k, a, b;ᾱ r ) is obtained:
n (x; k, a, b;ᾱ r )p n−k (z, y). n (x + z, y; k, a, b;ᾱ r )
By applying Cauchy-product rule, we get
Equating the coefficients of t n on both sides, yields (3.2). n (x, y; k, a, b;ᾱ r ) holds true:
Proof. we replace t by t + u in the generating function (2.4) and using the following rule [15] 4) in the left hand side becomes
Rewriting Eq. (3.5) as:
n+m (x, y; k, a, b;ᾱ r )
Replacing x by z in the above equation and equating the resulting equation to the above equation, we get
On expanding exponential function (3.6) gives
n+m (x, y; k, a, b;ᾱ r ) 
Now replacing n by n − p, m by m − q and using Cauchy-product rule in the left hand side of (3.8), we get
n,m p,q=0
(3.9) Finally, on equating the coefficients of the like powers of t and u in the above equation, yields(3.3). n (x + 1, y; k, a, b;ᾱ r )
By using Cauchy-product rule, then
Equating the coefficients of t n on both sides, yields (3.10). n (x, y; k, a, b;ᾱ r ) holds true:
Proof. From Eq. (2.4), we have
e zt e xt ϕ(y, t),
Equating the coefficients of t n on both sides, yields (3.11).
Symmetry identity
Theorem 4.1. Let c, d > 0 and n ≥ 0. For x, y ∈ R, then the following identity holds true:
Proof. Let
Then the expression for G(t) is symmetric in c and d and we can expand G(t) into series in two ways Firstly
Form Eq. (4.2) and Eq. (4.3), by comparing the coefficients of t n on the both sides, yields (4.1).
Examples
By making suitable choice for the function ϕ(y, t) in equation (2.4) , the generating function for the corresponding member belonging to the p M (r)
n (x, y; k, a, b;ᾱ r ) family can be obtained. n (x, y)) in the l.h.s. of generating function (2.4), we find that the resultant Gould-Hopper Apostol type polynomials (GHATP), denoted by
n (x, y; k, a, b;ᾱ r ) in the r.h.s. are defined by the following generating function: n (x, y; k, a, b;ᾱ r ):
Example 2. Taking ϕ(y, t) = C 0 (−yt m ) (for which the p n (x, y) reduce to the m L n (y, x)) in the l.h.s. of generating function (2.4), we find that the resultant 2-variable generalized Laguerre Apostol type polynomials, denoted by mL M (r) n (y, x; k, a, b;ᾱ r ) in the r.h.s. are defined by the following generating function: n (x, y) of order β reduce to the [2] e n (x, y). Therefore, taking β = 2 in Eq. (5.6), we get the following generating function for the 2-variable truncated exponential Apostol type polynomials , denoted by [2] e M Remark 5.5. Since for y = 1, the [2] e n (x, y) of order β reduce to the truncated exponential polynomials [2] e n (x). Therefore, taking y = 1 in Eq. (5.7), we get the following generating function for the truncated exponential polynomials , denoted by [2] e M (r)
n (x; k, a, b;ᾱ r ) ∞ n=0 [2] e M 
